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ABSTRACT
Context. The statistical analysis of large sample of strong lensing events can be a powerful tool to extract astrophysical or cosmological
valuable information. Their selection using submillimetre galaxies has been demonstrated to be very effective with more than ∼200
proposed candidates in the case of Herschel-ATLAS data and several tens in the case of the South Pole Telescope. However, the
number of confirmed events is still relatively low, i.e. a few tens, mostly because of the lengthy observational validation process on
individual events.
Aims. In this work we propose a new methodology with a statistical selection approach to increase by a factor of ∼5 the number of
such events within the Herschel-ATLAS data set. Although the methodology can be applied to address several selection problems, it
has particular benefits in the case of the identification of strongly lensed galaxies: objectivity, minimal initial constrains in the main
parameter space, and preservation of statistical properties.
Methods. The proposed methodology is based on the Bhattacharyya distance as a measure of the similarity between probability
distributions of properties of two different cross-matched galaxies. The particular implementation for the aim of this work is called
SHALOS and it combines the information of four different properties of the pair of galaxies: angular separation, luminosity percentile,
redshift, and the ratio of the optical to the submillimetre flux densities.
Results. The SHALOS method provides a ranked list of strongly lensed galaxies. The number of candidates within ∼340 deg2 of the
Herschel-ATLAS surveyed area for the final associated probability, Ptot > 0.7, is 447 and they have an estimated mean amplification
factor of 3.12 for a halo with a typical cluster mass. Additional statistical properties of the SHALOS candidates, as the correlation
function or the source number counts, are in agreement with previous results indicating the statistical lensing nature of the selected
sample.
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1. Introduction
In the last decade, surveys at submillimetre wavelengths have rev-
olutionized our understanding of the formation and evolution of
galaxies by revealing an unexpected population of high-redshift,
dust-obscured galaxies, which are usually referred to as submil-
limetre galaxies (SMGs). These galaxies are forming stars at a
tremendous rate, i.e. star formation rate, of SFR & 1000 M yr−1
(Blain 1999). Data collected before the advent of the European
Herschel Space Observatory (Herschel; Pilbratt et al. 2010) and
the South Pole Telescope (Carlstrom et al. 2011) suggested that
the number density of SMGs drops off abruptly at relatively bright
submillimetre flux densities (∼50 mJy at 500 µm), indicating a
steep luminosity function and a strong cosmic evolution for this
class of sources (e.g. Granato et al. 2004; Coppin et al. 2006;
Negrello et al. 2007; Cai et al. 2013).
Several authors argued that the bright tail of the submil-
limetre number counts may contain a significant fraction
? SHALOS catalogues are only available at the CDS via anony-
mous ftp to cdsarc.u-strasbg.fr (130.79.128.5) or via http:
//cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/627/A31
of strongly lensed galaxies (SLGs; Blain 1996; Negrello
et al. 2007). The Herschel Multi-tiered Extragalactic Survey
(HerMES; Oliver et al. 2012) and the Herschel Astrophysical
Terahertz Large Area Survey (H-ATLAS; Eales et al. 2010) are
wide-field surveys (∼380 deg2 and ∼610 deg2, respectively)
conducted by the Herschel space observatory. Thanks to the
sensitivity and frequency coverage of these instruments, both sur-
veys have led to the discovery of several lensed SMGs (Negrello
et al. 2017 and references therein). The selection of SLGs at these
wavelengths is made possible by the steep number counts of
SMGs (Blain 1996; Negrello et al. 2007); in fact, almost only those
galaxies whose flux density has been boosted by an event of lens-
ing can be observed above a certain threshold, namely ∼100 mJy
at 500 µm. Similarly, at millimetre wavelengths, the South Pole
Telescope survey has already discovered several tens of SLGs
(e.g. Vieira et al. 2013; Spilker et al. 2016) and other lensing
events have been found in the Planck all-sky surveys (Cañameras
et al. 2015; Harrington et al. 2016).
With Herschel data, Negrello et al. (2010) produced the first
sample of five SLGs by means of a simple selection in flux
density at 500 µm. Preliminary source catalogues derived from
the full H-ATLAS were then used to identify the submillimetre
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brightest candidate lensed galaxies for follow-up observations
with both ground-based and space telescopes to measure their red-
shifts (see Negrello et al. 2017 with 80 SLG candidates and ref-
erences therein) and confirm their nature (Negrello et al. 2010,
2014; Bussmann et al. 2012, 2013; Fu et al. 2012; Calanog et al.
2014; Messias et al. 2014). Using the same methodology, i.e. a
cut in flux density at 500 µm, Wardlow et al. (2013) have iden-
tified 11 SLGs over 95 deg2 of HerMES, while, more recently,
Nayyeri et al. (2016) have published a catalogue of 77 candidate-
lensed galaxies with S 500 µm & 100 mJy extracted from the
HerMES Large Mode Survey (HeLMS; Oliver et al. 2012) and
the Herschel Stripe 82 Survey (HerS; Viero et al. 2014), over an
area of 372 deg2. Altogether, the extragalactic surveys carried out
with Herschel are expected to deliver a sample of ∼200 submil-
limetre bright SLGs.
Moreover, as argued by González-Nuevo et al. (2012), this
number might increase to more than a thousand if the selection
is based on the steepness of the luminosity function of SMGs
(Lapi et al. 2012) rather than that of the number counts. The
Herschel-ATLAS Lensed Objects Selection (HALOS) method
relies on the fact that SLGs tend to dominate the brightest
end of the high-z luminosity function. An alternative iden-
tification strategy consists in looking for close associations
(within 3.5 arcsec) with VISTA Kilo-Degree Infrared Galaxy
Survey (VIKING) galaxies (Fleuren et al. 2012) that may qual-
ify the VIKING galaxies to be the lenses after a primary selec-
tion to the background galaxies based on Herschel photometry
(S 350 µm > 85 mJy, S 250 µm > 35 mJy, S 350 µm/S 250 µm > 0.6,
and S 500 µm/S 350 µm > 0.4). To be conservative, the candidates
were further restricted to objects whose VIKING counterparts
have redshifts z > 0.2. After comparing both SLGs candidate
lists, it was shown that about 70% of SMGs with luminosities
in the top 2% percentile were also identified with the second
method.
The HALOS method is a step forward to increase the num-
ber of SLGs candidates. However, its conclusions are based on
a second identification methodology with the very specific and
restrictive selection criteria described above to select only the
best potential candidates. The final performance of the HALOS
method in a more general case, for example with a larger
matched radius or without a S 350 µm limit, is not clear and not
easily verifiable without follow-up observations. Moreover, the
main parameter of the method, the top luminosity percentile,
does not have a clear optimal value and the choice of such value
makes the method very subjective.
For the above reasons, in this work we propose a new
methodology based on the similarity between probability dis-
tributions associated with a set of observables as the redshift
and angular separation of pairs of galaxies in two different cata-
logues: the first comprised of potential foreground galaxies act-
ing as lenses and a second comprised of potential background
sources. The characteristics of this method make it more objec-
tive and easily reproducible, providing a final probability ranked
list of SLGs candidates. This ranked list can be used to easily
select the “best” event candidates that complies with the spe-
cific follow-up campaign criteria. Moreover, with very few ini-
tial constraints, the statistical properties of the SLGs candidates
are not biased and can be studied statistically before the obser-
vational confirmation of each individual case. The data sets and
the initial selection criteria are presented in Sect. 2. The gen-
eral methodology is discussed in Sect. 3, while the details of
the particular implementation of the general methodology to
the identification of SLGs and the main results are described in
Sect. 4. Some of the statistical properties of the SHALOS SLGs
candidates are estimated and discussed in Sect. 5. Finally the
main conclusions are presented in Sect. 6.
2. Data
In this work we use the official H-ATLAS catalogues, the
largest area extragalactic survey carried out by the Herschel
space observatory (Pilbratt et al. 2010). With its two instruments
Photoconductor Array Camera and Spectrometer (PACS;
Poglitsch et al. 2010) and Spectral and Photometric Imaging
Receiver (SPIRE; Griffin et al. 2010) operating between 100 and
500 µm, it covers about 610 deg2. The survey is comprised of five
different fields, three of which are located on the celestial equa-
tor (denominated GAMA fields or G09, G12, and G15; Valiante
et al. 2016; Bourne et al. 2016; Rigby et al. 2011; Pascale et al.
2011; Ibar et al. 2010) covering in total an area of 161.6 deg2.
The other two fields are centred on the north and south Galac-
tic poles (NGP and SGP fields; Smith et al. 2017; Maddox et al.
2018; Furlanetto et al. 2018) covering areas of 180.1 deg2 and
317.6 deg2, respectively. As described in detail in Bourne et al.
(2016), for the GAMA fields, and Furlanetto et al. (2018), for the
NGP field, a likelihood ratio (LR) method was used to identify
counterparts in the Sloan Digital Sky Survey (SDSS; Abazajian
et al. 2009) within a search radius of 10 arcsec of the H-ATLAS
sources with a 4σ detection at 250 µm.
Taking into account that we focussed only on those sources
with a cross-matched optical counterpart, we were not able to
use the SGP field in this work because there is no overlap with
the SDSS survey. Moreover, there is an implicit 4σ detection
at 250 µm initial selection criteria because of the way the cata-
logues were generated. In addition, we discarded sources flagged
as stars and those galaxies without an optical redshift estimation,
spectroscopic, or photometric because of the requirements of the
methodology (see Sect. 3 for the methodology details).
Photometric redshift are provided in the H-ATLAS cat-
alogues but they are based on the optical cross-matched
information. This means that if the cross-matched sources are
different galaxies, the estimated redshifts tend to correspond to
those at lower redshift. We used the spectroscopic redshift when
available.
To obtain an independent estimation of the redshift for the
potential SMGs (the high redshift counterparts) we followed
the usual approach to derive photometric redshifts from sub-
millimetre photometry. Following previous works (Lapi et al.
2011; Pearson et al. 2013; González-Nuevo et al. 2012, 2014;
Ivison et al. 2016; González-Nuevo et al. 2017; Bonavera et al.
2019), the submillimetre photometric redshifts were estimated
by means of a minimum χ2 fit of a template spectral energy
distribution (SED) to the SPIRE data (using PACS data when
possible). The SED of SMM J2135−0102 (“The Cosmic Eye-
lash” at z = 2.3; Ivison et al. 2010; Swinbank et al. 2010) is
known to be the best overall template for computing submillime-
tre photometric redshifts for SMGs, at least for z > 0.8. When
comparing with spectroscopic redshifts, the usage of this tem-
plate provides the best performance with a minimum offset of
∆z/(1 + z) = −0.07 and a dispersion of 0.153 (Ivison et al. 2016;
González-Nuevo et al. 2012; Lapi et al. 2011).
To obtain more reliable submillimetre photometric redshifts,
we restrained ourselves to those sources with at least 3σ pho-
tometric estimations at 350 and 500 µm. Moreover, we further
focussed only on those sources with estimated submillimetre
photometric redshifts with z > 0.8. Finally, using the estimated
photometric redhsift and the SED of SMM J2135−0102 we cal-
culated the bolometric luminosity for each of the SMGs.
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3. Methodology
For our purposes, we compared the probability distributions
associated with various observables, such as as the position and
redshifts, of pairs of sources from two different surveys or cata-
logues. Then we combined such information to estimate a final
probability to each pair related with the fulfillment of our crite-
ria. Therefore, we needed a method to compare two different
probability distributions deriving a quantity that can be inter-
preted as a probability to combine the information obtained from
the comparison of the various observables.
Among the different defined statistical distances between
distributions, we find that the Bhattacharyya distance ful-
filled our requirements. In statistics, the Bhattacharyya distance
(Bhattacharyya 1943) measures the similarity of two discrete
or continuous probability distributions. It is closely related to
the Bhattacharyya coefficient (BC; Bhattacharyya 1943), i.e.
the overlap estimate of two probability distributions. Among
other applications, the Bhattacharyya distance is widely used in
research of feature extraction and selection (e.g., Ray 1989; Choi
& Lee 2003).
The Bhattacharyya distance for two continuous probability
distributions p and q can be expressed as
DB(p, q) = −ln(BC(p, q)) = −ln
(∫
dx
√
p(x)q(x)
)
, (1)
where BC(p,q) denotes the Bhattacharyya kernel or BC, with
0 ≤ DB ≤ ∞ and 0 ≤ BC ≤ 1. When p and q are two nor-
mal distributions, the Bhattacharyya distance can be computed
as
DB(p, q) =
1
4
ln
14
σ2pσ2q + σ
2
q
σ2p
+ 2
 + 14
 (µp − µq)2
σ2p + σ
2
q
 , (2)
where σ2p (σ
2
q) is the variance of the p (q) distribution and µp
(µq) is the mean of the p (q) distribution.
The usage of the Bhattacharyya distance, or distance in gen-
eral, is a novel approach in the identification of specific source
characteristics or events based on cross-matched pair of galax-
ies. Moreover, it has some advantages with respect to more tra-
ditional approaches.
The calculation of a distance between two probability dis-
tributions relies only on the parameters describing such distri-
butions, such as beam size, positional uncertainty, and redshift
uncertainties, and these parameters are determined by observa-
tions. Therefore, this calculation does not require any assump-
tions of previous knowledge, such as source number counts or
clustering properties of one of the samples; priors, such as a
power-law auto- or cross-correlation function or a constant value
for the statistics of the brightest galaxies that are not well sam-
pled; or limits, such as search radius or flux density cuts.
As an extension of the previous point, the usage of the dis-
tance avoids complicated calculations of several probabilities of
the samples and model parameters required in LR approaches
(e.g. Richter 1975; Sutherland & Saunders 1992; Smith et al.
2011). The LR approach was proposed to identify the most
probable optical counterparts of sources in non-optical cata-
logues, which generally have significant positional uncertainties
that render the identification potentially ambiguous. One piece
of basic information needed by the LR technique is the prob-
ability distribution function in magnitude and “type” over an
ensemble of non-optical sources in the optical band, q(m, c),
that is not known a priori. Therefore, this value has to be
assumed, modelled, or estimated directly from the data. In the
latest case, although the estimation is possible, this became non-
trivial owing to effects such as clustering, gravitational lensing,
and lack of enough bright sources. Furthermore, the situation
becomes even worse if the non-optical sample is divided by sub-
populations with different statistical properties, for example the
SMGs.
There are other statistical methods for similarity measure-
ments between probability distributions. Most of these consist in
statistical hypothesis tests, such as the two sample t-test. How-
ever, these methods work with p-values, a measure of the statis-
tical evidence for the validation of certain hypothesis, which is
usually misunderstood and wrongly used as a measurement of
probability. On the contrary, the BC gives a similarity measure-
ment that can be safely interpreted as a probability.
Moreover, if we have two or more similarity measurements
it is not clear how to combine the p-values obtained from each
measurement. In the distance approach, the combination of these
similarity measurements is straightforward because it consists
in the multiplication of the BC estimated values (similar to the
general rule in probabilities).
Finally, we note that the Bayesian alternative to classi-
cal hypothesis testing has some limitations. The usage of the
Bayes factors can be individually applied to each observational
property, but this brings up the issue of how to combine the
“strength of the evidence” for each individual observable. In
general, Bayes factors are used as a Bayesian model compari-
son methodology (a generalization of the LR technique). With
this approach an ideal model has to be defined to be com-
pared with and it requires knowledge about prior distributions
(Budavári & Szalay 2008; Budavári 2011). For our purpose,
such characteristics make the Bayesian alternative a limited
or biased approach. Some improvements were introduced to
overcome these limitations such as the intrinsic Bayes factor
presented in Berger & Pericchi (1996), but this requires the esti-
mation of intrinsic priors and overcomplicates the calculation.
Therefore, we propose the combination of various distance
measurements between two probability distributions associ-
ated with different observable quantities related to the pair of
galaxies. We present this approach as a new simple, objective
(without any prior and based on observational probability distri-
butions), modular (additional information can be added at any
time to review the overall final probabilities); flexible (can be
adapted for different purposes such as identifying strong lens-
ing events, discriminate subpopulations, and star-galaxy classi-
fication) methodology to identify particular kind of sources or
events by cross-matching different catalogues. A natural exten-
sion of this methodology could be to implement a neural net-
work to be trained to perform the same task, as already used in
other contexts (e.g. Odewahn et al. 1992; Storrie-Lombardi et al.
1992).
4. SHALOS
Our main objective in this work is to identify a list of the most
probable cases of a strong lensing event between optical galaxies
acting as lenses and SMGs acting as sources. We named as SHA-
LOS1 (Statistical Herschel-ATLAS Lensed Object Selection) the
specific implementation details to this particular scientific task of
the methodology in Sect. 3. The intention of SHALOS is to pro-
duce a probability ranked list of potential SLGs. This ranked list
attempts to be as objective as possible and easily reproducible.
1 “shalo” in the modern urban English slang means “share your loca-
tion”, which is also appropriate to our purpose.
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In general, gravitational lensing events between two different
samples share the following characteristics: two different objects
close in the sky (small angular separation) at different distances
(different redshifts) with the background flux density amplified
with respect the rest of the source population (higher luminos-
ity). Therefore, we focus on the following observables: angular
separation, optical versus submillimetre flux density compari-
son, redshift, and background luminosity.
– Angular separation (BCpos). The closer in the sky is
the lens-source pair, the higher is the gravitational lensing
probability. For this observable we compare the positional
uncertainty distributions of each pair of galaxies described as
Gaussian distributions centred in the galaxy position with a dis-
persion equal to the positional uncertainty (Eq. (2)). In this case,
a higher overlap, i.e. higher BC value, implies a potential higher
lensing probability. The global astrometric RMS precision of
SDSS is ∼0.1 arcsec2 while it is ∼2.4 arcsec for H-ATLAS cat-
alogues (Bourne et al. 2016; Furlanetto et al. 2018). Because of
the huge difference between the probability distribution disper-
sion for both cases, the maximum overlap is BCpos ∼ 0.3 for a
zero angular separation. Therefore, for aesthetic purposes (i.e. to
have the best candidates near BCpos ∼ 1.0), we normalize the
BCpos to the maximum overlap value.
– Redshift (1–BCz). In this case, we are interested in objects
at different redshifts and, therefore, with a minimum redshift
probability distribution overlap, i.e. 1 − BCz. Similar to the pre-
vious case, we compare the redshift uncertainties of a pair of
galaxies described as Gaussian distributions centred in the lens
or source redshift best values with a dispersion equal to the red-
shift uncertainties. As the source has to be at higher redshift than
the lens, any residual of the source redshift probability distribu-
tion at lower redshift than that of the lens is considered to be
part of the overlap. In particular, we consider as overlap any
residual probability distribution area of the source galaxy that
was at lower redshift than <µz,lens − 3σz,lens, where µz,lens and
σz,lens are the mean readshift and its associated Gaussian disper-
sion. This modification becames important when dealing with
spectroscopic redshift with very small redshift uncertainties. For
the lens candidates, the uncertainty is 0.01 when a spectroscopic
redshift measurement is available or there is a 1σ error for the
photometric estimations. For the sources, the uncertainty is the
maximun value between the photometric estimation method 1σ
error or the statistical error, 0.153 (Ivison et al. 2016).
– Optical versus submillimetre flux density ratio (1–BCr). To
help to distinguish if the source or lens galaxies are the same, we
also consider the ratio of the optical r band to the submillimetre
350 µm flux densities. This additional information can be use-
ful when the redshifts are similar (typically z ∼ 0.8−1.0). For
each matched galaxy pair, we estimate the flux densities ratio
and its uncertainty and we compare this value with that expected
from Smith et al. (2012), i.e. a stacked SED for typical galaxies
at z < 0.5. If the measured ratio is similar to the stacked SED,
the matched galaxies are probably the same galaxy with redshift
z < 0.8. Therefore, as in the redshift case, we are interested
in those cases with minimum probability distributions overlap,
i.e. 1 − BCr.
– Luminosity percentile (Lperc)3. A source galaxy ampli-
fied owing to a strong lensing effect tends to have higher
luminosity with respect to other galaxies at similar redshift
2 https://www.sdss.org/dr12/scope/
3 This quantity is not based on a comparison between two probabil-
ity distributions, but only on the bolometric luminosity CDF. For this
reason, is not called BCL.
(González-Nuevo et al. 2012). The bolometric luminosity of
each source galaxy candidate is compared with those at simi-
lar redshift (µz − σz < z < µz + σz): the higher the associated
percentile the more probable is the hypothesis of a strong lens-
ing event. Taking into account the results from González-Nuevo
et al. (2014, 2017) and Bonavera et al. (2019), most of the event
candidates are produced by weak lensing with typical amplifi-
cations below 50%. In these cases, we expect luminosity per-
centiles fluctuating around ∼0.5.
Finally, we combine the information from the four observ-
ables to obtain a total strong lensing probability associated with
each SLGs candidate:
Ptot = BCpos ∗ (1 − BCz) ∗ (1 − BCr) ∗ Lperc. (3)
4.1. SHALOS produced catalogues and usage
The SHALOS methodology can be applied to any pair of cata-
logues and start the cross-matching process from scratch. How-
ever, we decided to apply this using the cross-match informa-
tion that already exists in the official H-ATLAS catalogues (see
Sect. 2).
There are some pros and cons to this decision. On the one
hand, the H-ATLAS cross-match was limited to pairs of objects
within angular distance <10 arcsec. In addition when multiple
counterparts were possible the LR technique was used to chose
the most probable cross-match. We considered that initializing
the SHALOS methodology using a pair list limited to angular
separation <10 arcsec does not introduce any bias in identifying
SLGs: taking into account the typical positional uncertainties,
separation distances larger than this limit are severely penalized
within the proposed methodology. This is not true anymore when
trying to study the weak lensing regime, with potential gravita-
tional effects at even larger angular separation, depending on the
lens mass. On the other hand, the H-ATLAS catalogues provide
not only spectroscopic redshift (when available), but also pho-
tometric redshifs for most of the optical counterparts, which we
would have had to compute otherwise.
Overall, using the H-ATLAS catalogues also provided us
with the opportunity to compare our estimated Ptot, tailored
to identify gravitational lensing events, with respect the more
general reliability parameter, R, derived with the LR technique.
This comparison is very interesting and invites a discussion on
the differences between both methodologies and their optimal
applicability cases.
Therefore, for each entry in one of the H-ATLAS catalogues
with a cross-matched optical galaxy, we estimated the asso-
ciated Ptot as described before (Sect. 4). Then all the entries
with Ptot < 0.1 were removed and the remaining were sorted
by their Ptot associated value in decreasing order. The SHA-
LOS catalogues can be found at the CDS. From the official
H-ATLAS catalogues, we maintained the most critical informa-
tion: name, the Herschel flux densities and r magnitude, angu-
lar separation, LR reliability, and the optical spectroscopic and
photometric redshift. Then we added the SHALOS intermediate
information as submillimetre redshifts, bolometric luminosity,
the four associated probabilities of the observables and the final
total probability.
We foresee the usage of the produced SHALOS catalogues
mainly as the ranked input list of submillimetre strong lens-
ing targets for follow-up campaigns with high resolution facil-
ities such as the Hubble Space Telescope, Keck Observatories,
or Atacama Large Millimeter Array (ALMA). The SHALOS
ranked list can be used to easily select the best event candidates
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Fig. 1. Comparison for the GAMA12 field of the variation of the
number of sources with the different probabilities associated with
the observables considered in this work. Similar results are obtained
for the other fields. The total probability is shown as a thick black
line while the estimated probability of random pairs is shown as a
grey line.
that comply with the observational campaign criteria as sky
region, flux density limits, and redshift range.
However, the SHALOS method is an approach based mainly
on observable measured quantities with minimal assumptions
and minimal a priori limits; the main limit is the need for an
optical counterpart, which automatically excludes lensing sys-
tems in which the lens is fainter than the optical detection limit.
This means that we can statistically consider most of the top
ranked selected events as real and safely perform their analysis,
also comparing with previous results on this field. This compar-
ison can be used as a validation by induction of the SHALOS
method and new results can be obtained with respect to previous
analyses, which are based only on confirmed events.
4.2. SHALOS results
Most of the detected galaxies in the H-ATLAS catalogue do not
even have an optical counterpart within 10 arcsec. As a con-
sequence these galaxies are not considered by the SHALOS
method. From this point, we focus our work only on those event
candidates with a Ptot > 0.1 at least. We consider that below such
value of the associated probability there is a completely negligi-
ble probability for the event of being a SLG.
Figure 1 summarizes the behaviour of the four probabilities,
related to the observable quantities previously described, con-
sidered in the SHALOS method. The variation of the number of
selected galaxies with respect to the associated probability is an
indication of their relative importance. The redshift (dot-dashed
red line) and flux ratio (dashed magenta line) observables are
introduced to ensure that the pair of galaxies are different objects
at different distances. They are not very restrictive because the
criteria used to select the initial sample was already able to dis-
card potential dubious pairs and low redshift candidates. Their
effect is more important for those cases with background red-
shift near the imposed lower limit, z > 0.8.
On the contrary, the luminosity percentile (dotted green
line) and the angular separation (blue line) information are
the most restrictive. As anticipated by the HALOS method
(González-Nuevo et al. 2012), the former helps to select those
candidates with higher probability of a stronger gravitational
lensing effect. The latter simply prefers the closest pairs, that
normally translate into higher lensing amplifications.
The total associated probability, Ptot, is shown as a thick
black line indicating that the number of SLGs decreases with
Ptot, as expected. The estimated number of potential random
pairs that fulfil all the methodology criteria is shown as a grey
solid line: for Ptot > 0.1 it can be considered negligible. This
value was estimated by maintaining the same SDSS sample and
simulating the background sources. The simulated background
sample mimic the real background sample statistics (redshift
distribution; source number counts at 250 µm; Lapi et al. 2011;
“The Cosmic Eyelash” SED, Ivison et al. 2010) but with random
positions. Then, we applied the same selection sample criteria
and we cross-matched it with the lens sample using the same
10 arcsec as the maximum angular distance radius. Finally, for
each of the random event candidates we applied the SHALOS
methodology to obtain the associated total probability, as shown
in Fig. 1. This process was repeated ten times to derive a mean
value for each Ptot and its dispersion.
Similar conclusions can be obtained from a principal com-
ponent analysis (PCA). The PCA is a statistical procedure that
uses an orthogonal transformation to convert a set of observa-
tions of possibly correlated variables into a set of values of lin-
early uncorrelated variables called principal components. In the
PCA, a linear combination of the (standardized) components
is made to predict a certain variable (in our case the observ-
ables probability). The loadings are the coefficients of this linear
combination and, for each component, the sum of the squared
loading values are the eigenvalues, i.e. the variances of the com-
ponents. Because of the transformation definition, the first prin-
cipal component has the largest possible variance, accounting for
as much data variability as possible. The remaining identified
components have the highest variance possible under the con-
straint of being orthogonal to the preceding component. In our
case, this is performed to set the relative relevance of the four
considered probabilities by determining their separate influence
on the principal components. For this PCA analysis, only the
Ptot > 0.1 cases were considered.
The PCA results show that, for the two most relevant compo-
nents (components 1 and 2), BCpos and Lperc are the most influ-
encing observables. In particular, BCpos is the most important for
component 1 and Lperc for component 2. The other two principal
components correspond almost entirely to (1 − BCz) (compo-
nents 3) and to (1 − BCr) (component 4), whose weights are the
highest in absolute value (see Table 1).
The importance of each observable can be inferred from the
proportion of variance and explained by each principal com-
ponent considering the information obtained from the loadings.
According to the proportion of variance shown in Table 2, com-
ponent 1 explains most of the variance (51.22%), followed by
component 2 (31.83%). Thus, the most relevant observables are
Ppos and Lperc. The proportions of variance for components 3
and 4 are lower, and consequently the observables (1−BCz) and,
mostly (1 − BCr), are less important.
Nonetheless, in Fig. 2 the estimated total probability for
sources with Ptot > 0.1 is compared with the reliability estimated
in the official H-ATLAS catalogues based on the LR cross-match
approach; the reliability quantity identifies the goodness of the
cross-matched SDSS local galaxies. It is clear that both quanti-
ties differ and show almost a bimodal distribution. Cases with
low reliability values, R < 0.3, also have relatively low associ-
ated Ptot < 0.5 values. This is mainly because of the effect of
the angular separation in both methodologies. However, more
than half of the sources shown in Fig. 2 have high reliability
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Table 1. Loadings of PCA for each of the considered observables (BCpos, (1 − BCr), (1 − BCz), Lperc), and their correspondent influence on each
of the components.
Comp.1 Comp.2 Comp.3 Comp.4
(1 − BCr) −0.07567495 −0.004521857 −0.050656304 −0.99583472
BCpos 0.81154329 −0.560949927 −0.155269678 −0.05122494
(1 − BCz) −0.12034156 0.093595030 −0.986553689 0.05890413
Lperc −0.56673512 −0.822529454 −0.006089687 0.04711173
Table 2. Relevancy of PCA components considering standard devia-
tion, proportion of explained variance and the cumulative proportion of
variance.
Comp.1 Comp.2 Comp.3 Comp.4
Standard deviation 0.2646 0.2086 0.1212 0.09205
Proportion of variance 0.5122 0.3183 0.1075 0.06198
Cumulative proportion 0.5122 0.8305 0.9380 1.00000
Fig. 2. Comparison between Ptot and the likelihood reliability.
(R > 0.8) with Ptot > 0.1. This is because those matches have a
smaller angular separation. In the LR methodology, small angu-
lar separation results into a higher reliability. However, at the
same time, this is also one of the required characteristic in a
gravitational lensing event. Without additional information, as
redshift or luminosity, the LR method lacks the proper infor-
mation in the case of SLGs to associate a low reliability, as
already pointed out in previous works (Negrello et al. 2010;
González-Nuevo et al. 2012, 2014; Bourne et al. 2014).
The redshift distribution of sources (red) and lenses (blue)
identified with Ptot > 0.5 in the G09 field are shown in Fig. 3.
The other fields have almost identical redshift distributions. The
redshift distribution of the sources covers a wide range of red-
shift: from ∼0.9 to ∼3.6 with a mean value of z ∼ 2.3. Sources
below z ' 1.5 are penalized mainly because of their photomet-
ric redshift uncertainties. On the other hand, lenses show a red-
shift distribution with mean value of z ∼ 0.5 as expected from
theoretical estimations (see Lapi et al. (2012) for more details)
for sources around z ∼ 2.5. It is interesting that the SHALOS
method also identifies several events with lenses at z < 0.2
because there is no lower limit on the redshift contrary to pre-
vious work as González-Nuevo et al. (2012).
In Table 3 there is a summary of the number of galaxies ini-
tially in the H-ATLAS catalogues and the number of identified
Fig. 3. Comparison between the redshift distributions of the lenses
(blue) and sources (red) selected by SHALOS with Ptot > 0.5.
SLGs at different Ptot values for each of the four fields con-
sidered. We also show the number of selected sources (with
SDSS counterparts, estimated optical redshifts, and not flagged
as stars) at high redshift (z > 0.8) with reliable flux density
measurements (at least 3σ photometric estimations at 350 and
500 µm).
There are already several interesting conclusions that can
be extracted from these results: i) Only ∼7% of the initial
H-ATLAS sources have an optical counterpart and are consid-
ered reliable high redshift sources, z > 0.8 with our current
selection criteria; ii) The results are homogeneous among the
different fields and have minimal percentage variations; iii) More
than half of the high redshift selected sources have a close low-
z optical counterpart and, therefore, they have a non-negligible
associated probability, Ptot > 0.1, of being a SLG. This result
is in agreement with the strong magnification bias signal mea-
sured by González-Nuevo et al. (2014, 2017), which implies
that many of the H-ATLAS high-z sources are slightly enhanced
by weak gravitational lensing; iv) The probability of a stronger
gravitational effect is boosted by increasing the Ptot limit due
to the luminosity percentile observable effect. The number of
candidates with Ptot > 0.5 is greater than 1000, confirming
the HALOS predictions (González-Nuevo et al. 2012) that with
more complex selection procedures it is possible to reach such
numbers; v) Finally, the most probable candidates, Ptot > 0.7,
correspond to 447 (or 0.19%) that it is ∼5 times the 80 H-ATLAS
candidates found with flux density above 100 mJy at 500 µm
(Negrello et al. 2017). Taking into account that Negrello et al.
(2017) found 30 SLG candidates in the SGP field, this factor
increases to 447/50 ∼ 9 for the common area.
As a check of our results, we compared SHALOS SLG can-
didates with those found in Negrello et al. (2017). In the common
NGP and GAMA fields, Negrello et al. (2017) found 50 SLG
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Table 3. Summary of the SHALOS results statistics.
Field Initial Sample Ptot > 0.1 Ptot > 0.5 Ptot > 0.7
(#) (#)[%] (#)[%] (#)[%] (#)[%]
G09 39660 2808 [7.08%] 1374 [3.46%] 240 [0.61%] 73 [0.18%]
G12 38961 2924 [7.50%] 1377 [3.53%] 213 [0.55%] 68 [0.17%]
G15 41609 3059 [7.35%] 1506 [3.62%] 243 [0.58%] 70 [0.17%]
NGP 118980 8437 [7.09%] 4129 [3.47%] 755 [0.63%] 236 [0.20%]
ALL 239210 17228 [7.20%] 8386 [3.51%] 1451 [0.61%] 447 [0.19%]
candidates, but only 32 are identified in SHALOS. We excluded
the other 18 objects either because they have no estimated opti-
cal redshift (needed by SHALOS) or because, in the case of
three, they are flagged as stars, and we are not interested in such
objects. We would like to remark that the fact that we found three
potential optical counterparts flagged as stars in the Negrello
et al. (2017) list of candidates only indicates that the lens galaxy
was detected by SDSS or it was not correctly matched to the
background sources with the LR technique. The Negrello et al.
(2017) identification method is based only on galaxy source pho-
tometry and therefore is completely independent of any potential
optical counterpart.
On the one hand, following the Negrello et al. (2017) selec-
tion criteria, we selected those SHALOS SLG candidates with a
flux density at 500 µm greater than 100 mJy and redshift greater
than 0.1, to avoid very local objects. By applying such redshift
and flux density selection in SHALOS, we obtained a list of
42 objects with Ptot > 0.1, again with the common 32 SLG can-
didates. There are new 10 objects that are in SHALOS and not in
Negrello et al. (2017). Six of these have Ptot < 0.5, i.e. a very low
probability of being actual SLGs; 3 are identified as blazars (see
Table 1 in Negrello et al. 2017, i.e. they have estimated photo-
metric redshifts much higher than the potential lenses and there-
fore they obtain a high Ptot); and 1 is a local extended source
(NGC 5705) so that its SPIRE photometry is not reliable for the
possible, if there is any, background source.
Therefore, not only is the SHALOS method as effective as
the Negrello et al. (2017) approach for S 500 µm > 100 mJy (for
lensing systems in which the lens is detected in SDSS), but it is
also able to extend the identification methodology at lower flux
density limits.
5. Validation by induction
Only a follow-up campaign using top instruments with high res-
olution and sensitivity could establish the overall performance
of the proposed methodology by studying each individual SLG
candidate one by one. However, even obtaining observational
time in such facilities, it will take months, if not years, to built a
database large enough to derive some meaningful statistics.
For this reason, we propose an alternative and complemen-
tary approach to validate the SHALOS methodology: validation
by induction. In this section we assume that all the lensing event
candidates are confirmed SLGs and study some of their statisti-
cal properties. Then, we can compare such properties with pre-
vious results or theoretical expectations to check if they are in
agreement. If this is the case, we can conclude that the SHA-
LOS provided list is consistent with being mainly composed by
SLGs. Therefore, we can use the SHALOS list to obtain addi-
tional valuable statistical information about these kinds of events
thanks to its less restrictive limits.
5.1. Amplification factors
The first statistical property calculated is a tentative amplifica-
tion factor, µ, produced by the gravitational lensing effect: there
is enough information in the SHALOS list to derive an approx-
imate µ for each of the event candidates. The SHALOS pur-
pose is to identify SLGs and therefore the selected candidates
are expected to have amplification factors at least of >1.2−1.5.
Taking into account the relative uncertainty in the estimation, if
the results had shown that statistically all the amplification fac-
tors are ∼1 then this would have been a serious indication of the
failure of the methodology.
Following mainly the same procedure as in González-Nuevo
et al. (2014), we estimated for each lens the stellar mass, M?,
from the r-band luminosity, Lr. We considered two different sce-
narios: first, the gravitational lensing effect is produced mainly
by the galactic halo surrounding the lens galaxy; second, lens
galaxies are typically the central galaxy of a group or clus-
ter of galaxies as indicated by the conclusions obtained by
González-Nuevo et al. (2014) and González-Nuevo et al. (2017).
In this case we thus estimated a group or cluster of galaxies halo
mass.
In the first case, we considered a singular isothermal sphere
(SIS) mass density profile and we derived the galactic halo mass,
Mh, directly from the r-band luminosity (Shankar et al. 2006;
Bernardi et al. 2003) as follows:
Mh = 3×1011
(( Lr
1.3 × 1010
)0.35
+
( Lr
1.3 × 1010
)1.65)
×10−0.19z, (4)
with Mh and Lr in M and L, respectively.
For the second scenario, we considered a Navarro–Frank–
White mass density profile (Navarro et al. 1996). We calculated
the stellar mass using a modified version of the luminosity-stellar
mass relationship (Bernardi et al. 2003, 2010), i.e.
M?/Lr = 3 × (Lr/1010.31)0.15 × 10−0.19z, (5)
with M? and Lr in M and L, respectively. Then we estimated
the cluster halo mass by applying the stellar to halo mass rela-
tionship derived by Moster et al. (2010).
Finally, the amplification factors, i.e. total amplification, for
both scenario were estimated following the traditional gravi-
tational lensing framework (see for example Schneider et al.
2006), taking into account the derived halo masses and the
source and lens redshifts. We used the concentration formula
derived by Prada et al. (2012).
The results, for all the different areas together, are shown
in Fig. 4 for two different Ptot cuts. Even with these tenta-
tive estimations about the amplification factors, these results are
encouraging, as stated at the beginning of this section. The mean
(median) values of the SHALOS list for Ptot > 0.5 is 1.90 (1.26)
for the galactic halo case and 2.51 (1.39) for the cluster case. For
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Fig. 4. Tentative amplification factors derived assuming a galactic and
cluster halo masses (see text for more details).
Fig. 5. Auto-correlation of SHALOS SLGs with Ptot > 0.5 & 0.7 com-
pared with the theoretical estimation using the González-Nuevo et al.
(2017) observed cross-correlation parameters. The González-Nuevo
et al. (2017) measured auto-correlation of the H-ATLAS high-z sources
(black circles) is also shown as a comparison.
a more conservative cut, with Ptot > 0.7, the obtained amplifi-
cation factors are on average bigger: 2.28 (1.33) for the galactic
halo and 3.12 (1.47) for the cluster case. With these estimated
amplification factors, the fraction of SHALOS candidates with
Ptot > 0.5 that have µ > 2 are 17.2% and 25.8% for the galactic
and cluster scenarios, respectively. These percentages increase
to 24.3% and 31.5%, respectively, for the Ptot > 0.7 cut.
5.2. Auto-correlation function
The number of SHALOS candidates is large enough to
measure their two-point correlation function. If the SHALOS
candidates were simply random associations their correlation
function would have been negligible or noise dominated; they
are too sparse to be affected by the clustering properties of the
background sample. At maximum they could have resembled
the correlation of the SMGs or background sample. On the con-
trary, if they are real SLGs their correlation function would be
in agreement with that expected from a foreground sample with
the lens derived masses.
To check these possibilities, we estimated the two points
correlation function of the SHALOS candidates using the
Landy & Szalay (1993) estimator,
w(θ) =
DD(θ) − 2DR(θ) + RR(θ)
RR(θ)
, (6)
where DD, DR, and RR are the normalized unique pairs of galax-
ies, data-random pairs, and random-random pairs, respectively.
The measured correlation functions for Ptot > 0.5 & 0.7
are shown in Fig. 5. Although the uncertainties are significant,
the SHALOS candidates have a non-zero or noise dominated
correlation function. This result immediately discards the ran-
dom association hypothesis. Moreover, the SHALOS candidates
correlation is stronger than those measured by González-Nuevo
et al. (2017) for the Herschel SMGs at z > 1.2 (black diamonds)
or those found in the more recent Amvrosiadis et al. (2019).
These galaxies are the same galaxies that constitute our back-
ground sample. Therefore, it is confirmed that there is something
special about the SHALOS selected background galaxies.
Finally, we calculated, for comparison, the correlation func-
tion expected for a sample of lenses with the observed redshift
distribution (blue histogram in Fig. 3) and the mass and halo
occupation distribution properties derived by González-Nuevo
et al. (2017) for the foreground lenses sample: minimum halo
mass of ∼1.3 × 1013 M, a pivotal mass to have at least one
satellite galaxy of ∼3.7 × 1014 M and the slope of the number
of satellites, ∼2. These values were measured by studying the
cross-correlation signal between a foreground sample of GAMA
galaxies with spectroscopic redshifts in the range 0.2 < z < 0.8,
and a background sample of H-ATLAS galaxies with photomet-
ric redshifts &1.2. By using the same halo model formalism of
González-Nuevo et al. (2017), mainly based on Cooray & Sheth
(2002), we derived the dashed black line that corresponds to the
correlation properties of the foreground lenses. This theoretical
estimation is in good agreement with our measured correlation
function.
Therefore, we can conclude that the angular correlation prop-
erties of the SHALOS selected candidates closely resemble
those expected for the sample of foreground lenses and not to
the background parent population sources. It is not a direct val-
idation of the gravitational lensing nature of the SHALOS can-
didates but it is an additional statistical property that agrees with
the expectations.
5.3. Source number counts
The integral source number counts at 500 µm of the SHALOS
candidates, combining the results for all the four H-ATLAS
fields, are shown in Fig. 6. We applied two different Ptot cuts to
check the number counts dependence on the associated probabil-
ity. Above 100 mJy, we can compare the SHALOS source num-
ber counts with those derived with the most simple but robust
identification methodology by Negrello et al. (2017) (grey dia-
monds) using the same H-ATLAS catalogues. Nayyeri et al.
(2016) obtained almost identical source number counts with the
same methodology but for the HeLMS+HerS survey (not shown
in the figure).
In general, there is good agreement between both sets of
lensed candidates source number counts. However, the fact that
Negrello et al. (2017) identified additional SLGs without optical
counterparts explains the slightly higher source number counts
around 100 mJy.
On the other hand, the SHALOS methodology allows us to
extend the measurement of the source number counts down to
50 mJy. It is at these fainter flux densities that the effect of the
different Ptot cuts is more relevant. A lower probability cut tend
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Fig. 6. Integrated source number counts at 500 µm of the SHALOS can-
didates with Ptot > 0.5 & 0.7 (red circles and blue squares, respectively).
These counts are compared with the integrated number counts of can-
didate lensed galaxies derived by Negrello et al. (2017) from all the H-
ATLAS fields (grey diamonds). The error bars correspond to the 95%
confidence interval. We also show the model source number counts for
the unlensed SMGs (black line; Lapi et al. 2011; Cai et al. 2013).
to select more lensed candidates but mainly at fainter flux lim-
its, S 500 µm < 100 mJy. Although we are reaching flux densities
that start to be dominated by the unlensed SMGs, the SHALOS
methodology seems to be effective to discriminate between the
lensed or unlensed nature of the considered SMGs, at least for
the Ptot > 0.7 cut, as also indicated by the results of Sect. 5.2.
We can conclude that the SHALOS candidates source num-
ber counts at 500 µm above 100 mJy are in good agreement with
previous estimations, where many of the candidates were con-
firmed by follow-up observations. Therefore, both methodolo-
gies are equivalent at such flux densities. The advantage of the
SHALOS approach is that it is able to extend the identification of
reliable SLG candidates down to lower flux densities, ∼50 mJy.
6. Conclusions
We propose a new methodology for the identification of objects
with particular properties by cross-matching various catalogues
based on the similarity of probability distribution (the BC) asso-
ciated with different observables. This new approach is more
simple, objective, and flexible than other traditional approaches
to the problem, such as the LR or the Bayes factor.
As a practical application, in this work we have focussed on
the identification of SMGs in the Herschel-ATLAS whose flux
density was strongly amplified by the gravitational lensing effect
produced by SDSS galaxies at z < 0.8, acting as the lenses.
In particular, we derived the total estimated probability, Ptot, of
being lensed based on four observables: the angular separation,
the bolometric luminosity percentile compared with SMGs at
similar redshift, the redshift difference, and the ratio of the opti-
cal to the submillimetre emissions. The results indicate, as also
confirmed by a PCA analysis, that the first two are the most dis-
criminant for the identification task. The other two help to con-
firm that the cross-matched pairs are not the same galaxy, but
two galaxies at different redshfits.
The SHALOS method identified 1451 SLG candidates with
Ptot > 0.5, which correspond to 0.61% of the H-ATLAS
sources. This number decreases to 447 (or 0.19%) with a more
conservative Ptot > 0.7, that it is still ∼5 times the number of
SLGs found by Negrello et al. (2017). When comparing both
SLGs lists, the SHALOS method was able to identify 32 of the
50 SLGs with flux density at 500 µm greater than ∼100 mJy.
The remaining 18 SLG candidates were excluded by SHALOS
because of the lack of an optical redshift estimation or because
they were flagged as stars. On the contrary, the SHALOS method
found 4 SLG candidates with Ptot > 0.5 not in Negrello et al.
(2017): 3 are identified blazars (see Table 1 in Negrello et al.
2017) and 1 is a local extended galaxy (NGC 5705).
Finally, we studied some characteristic statistical properties
of the SHALOS SLG candidates as the estimated amplifications
factors: the two-point correlation function and the source num-
ber counts. For Ptot > 0.7, the tentative amplification factors
were found to have mean(median) of 2.28 (1.33) for a galactic
mass halo and 3.12 (1.47) for a cluster mass halo. The number
of SHALOS candidates with Ptot > 0.7 and µ > 2 are 24.3%
and 31.5% for the galactic and cluster scenarios recpectively.
Moreover, the SHALOS candidates have a non-zero correlation
function that is stronger than that measured for the background
SMG sample in González-Nuevo et al. (2017). It is in agree-
ment with the correlation function expected for the foreground
lenses (massive elliptical galaxies or even group of galaxies as
anticipated by González-Nuevo et al. 2014 and confirmed by
González-Nuevo et al. 2017). The SHALOS candidates source
number counts at 500 µm above 100 mJy are in good agreement
with previous results confirming that both methodologies are
equivalent. However, the SHALOS method allows us to reach
much lower flux densities, i.e. ∼50 mJy. At such faint flux den-
sities, the total source number counts start to be dominated by
unlensed SMGs, but the derived source number counts seems to
indicate the effectiveness of the SHALOS methodology even in
distinguishing between lensed or unlensed SMGs
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